Combining experiments on active colloids, whose propulsion velocity can be controlled via a feedback loop, and theory of active Brownian motion, we explore the dynamics of an overdamped active particle with a motility that depends explicitly on the particle orientation. In this case, the active particle moves faster when oriented along one direction and slower when oriented along another, leading to an anisotropic translational dynamics which is coupled to the particle's rotational diffusion. We propose a basic model of active Brownian motion for orientation-dependent motility. Based on this model, we obtain analytic results for the mean trajectories, averaged over the Brownian noise for various initial configurations, and for the mean-square displacements including their anisotropic non-Gaussian behavior. The theoretical results are found to be in good agreement with the experimental data. Our findings establish a methodology to engineer complex anisotropic motilities of active Brownian particles, with potential impact in the study of the swimming behavior of microorganisms subjected to anisotropic driving fields.
Introduction
Active Brownian particles, the synthetic analogues of biological microswimmers such as bacteria and protozoa, have the ability to self-propel at low Reynolds numbers via the conversion of energy available in their surroundings into directed motion, by exploiting intrinsic asymmetries in their shape and material properties. 1, 2 Their motion arises from the interplay between thermal fluctuations and propulsion, which renders active colloids an excellent model system to study far-from-equilibrium physical phenomena, [3] [4] [5] also featured in their biological counterparts. The basic model to describe the trajectories of a self-propelling colloid, called active Brownian motion, couples a constant velocity v along the particle's asymmetry direction with its rotational diffusivity D R , which constantly randomizes the propulsion direction with a characteristic time scale τ R = 1/D R . In this model, the particle displacements result from propulsion combined with stochastic translational and rotational noise. The propensity for straight paths is defined by the persistence length of the trajectory L P = v/D R . To date, various propulsion mechanisms have been realized for active colloids.
Among them are self-propulsion induced by chemical reactions, 6-8 illumination, [9] [10] [11] [12] [13] [14] or ultrasound 15 and actuation by magnetic [16] [17] [18] [19] or electric 20, 21 fields. Regardless of the origin of propulsion, the scenario defined by active Brownian motion 1 was verified in experiments for a range of artificial microswimmers. [22] [23] [24] Despite the success of ordinary active Brownian motion, the complexity of some behaviors found in biological and artificial microswimmers implies the urge to extend our experimental and theoretical models, in particular to include complex spatio-temporal dependencies of propulsion velocity as well as translational and rotational noise. These situations are frequently encountered for systems where the external stimulus governing the motility is inhomogeneous. [25] [26] [27] [28] [29] [30] [31] [32] Recently, motility landscapes, where the particle propulsion speed depends on spatial coordinates, time, or a combination of both, [33] [34] [35] [36] have been experimentally realized 25, 31, [37] [38] [39] [40] [41] and numerically modeled. 31, [42] [43] [44] [45] [46] [47] [48] [49] However, with rare recent exceptions aside, 50 the orientational analogue to a position-dependent motility landscape, which is an orientation-dependent motility, remains unexplored for systems of non-interacting anisotropic active particles.
In this article, we experimentally and theoretically study active dumbbells with an orientation-dependent motility. This system offers a basic set-up for anisotropic actuation, in which the particle's propulsion speed is modulated according to its orientation, which is constantly randomized by rotational diffusion, thus introducing an anisotropy in the particle dynamics. In our experiments, we use active dumbbell-shaped colloids composed of a polystyrene and a magnetic silica particle assembled via sequential capillary assembly 51 and self-propelling on a planar substrate via alternating electric fields. 52, 53 The particle's position and orientation are tracked in real time and used as the input for a feedback loop that updates the particle velocity with full programmability. 54 These results are used to verify the basic theoretical model for active Brownian motion with an orientation-dependent velocity, which we propose and establish here. We obtain analytic results for mean trajectories averaged over the Brownian noise for various initial configurations and arbitrary angular dependencies of the velocity. We further calculate the corresponding mean-square displacements, including their anisotropic non-Gaussian behavior, and characterize the anisotropy as a function of time. We find that the theoretical calculations are in good agreement with the experimental data. The results of this work shed new light on anisotropic active Brownian particles, inspiring both a better understanding of the behavior exhibited by motile microorganisms when subjected to inhomogeneous or anisotropic driving fields 55 and new design ideas for smarter synthetic microswimmers.
Materials and Methods

Theoretical description
In our theoretical model, we consider a single overdamped active Brownian particle in two spatial dimensions. The state of this particle is fully described by the center-of-mass position r(t) and the angle of orientation φ(t), which denotes the angle between the orientation vector u = (cos φ, sin φ) and the positive x-axis, at the corresponding time t. The centerpiece of our model is an arbitrary orientation-dependent motility v(φ). Without loss of generality, we represent the propulsion velocity v(φ) as a Fourier series
where v denotes a reference velocity, c k is the Fourier-coefficient vector of the mode k, and i denotes the imaginary unit. For a given propulsion velocity v(φ), these Fourier coefficients can be calculated as c k = π −π (v(φ)/(2πv)) exp(−ikφ) dφ. The overdamped Brownian dynamics of the particle is described by the coupled Langevin equations for orientation-dependent
where D T and D R are the translational and rotational short-time diffusion coefficients of the particle, respectively. To take translational and rotational diffusion into account, the Langevin equations contain independent Gaussian white noise terms ξ(t) and η(t), with zero means ξ(t) = 0 and η(t) = 0 and delta-correlated variances
and η(t 1 )η(t 2 ) = δ (t 1 − t 2 ), where i, j ∈ {x, y}. The brackets . . . denote the noise average and δ ij is the Kronecker delta. Note that we describe the self-propulsion with the prescribed vector function by v(φ) (and not with a scalar prefactor by v 0 (φ)û(φ) as typically assumed for isotropic self-propulsion 1 ). In the following, we neglect the mode k = 0 in Eq. (1), which would describe a trivial constant drift.
Fabrication of active magnetic dumbbells
Active magnetic dumbbells composed of a 2.0 µm-diameter polysterene (PS) and a 1.7 µmdiameter magnetic silica (SiO 2 -mag) particle (Microparticles GmbH) were fabricated using the sequential Capillarity-Assisted Particle Assembly (sCAPA) technique as described in previous work. 51 Finally, the dumbbells were harvested by freezing a droplet of a 10 µM KCl (Fluka) aqueous solution over the traps and lifting it from the template. The thawed droplet containing the dumbbells was used to fill the experimental cell as described below. After sealing the cell with the top electrode, both electrodes were connected to a signal generator (National Instruments Agilent 3352X, USA) to apply an AC electric field with a fixed frequency of 1 kHz and varying peak-to-peak voltage V PP (t) between 1 and 10 V, depending on the dumbbell orientation. The particles propel thanks to unbalanced electrohydrodynamic (EHD) flows on each side of the dumbbell, with the SiO 2 -mag lobe leading the motion. The propulsion velocity is proportional to V PP 2 . 52, 53 We furthermore imposed a fixed rotational diffusivity D R = 0.25 rad 2 /s of the dumbbells for all experiments, as described in a previous work. 54 In brief, we applied external magnetic fields via two pairs of independent Helmholtz coils to align the magnetic moment of the SiO 2 -mag particle. The angle φ(t) of the applied magnetic field is randomly varied in time
Cell preparation and active motion control
where in the experiments ∆t = 1 ms and η(t) is defined as above.
Imaging and feedback loop
The dumbbells were imaged in transmission with a home-built bright-field microscope. Image sequences were taken with a sCMOS camera (Andor Zyla) with a 1024 pixels × 1024 pixels field of view and a 50× objective (Thorlabs). The center of mass r(t) and the angle φ(t) of the dumbbells with respect to the x-axis were tracked in real time using a customized software written in Labview and Matlab. The detected orientation of the dumbbell is symmetric with respect to π, being 0 or π when it is perfectly aligned with the x-axis. After the experiments, we post-processed the acquired images to identify both lobes of the dumbbell and convert the angles to the interval from 0 to 2π. The velocity of the dumbbell was varied as a function of its orientation by changing the applied peak-to-peak voltage V PP according to
where V max PP and V min PP are the maximum and minimum values of the applied peak-to-peak voltage and n = 1, 2 is the number of symmetric lobes in v(φ). For n = 1, the dumbbell velocity is maximal when the particle is aligned with the y-axis and minimal when it is aligned with the x-axis. In the case of n = 2, the dumbbell velocity is maximal for an orientation angle π/4 and minimal when the particle is aligned with the x-or y-axis.
There is an inherent delay between capturing an image, extracting the dumbbell angle, and updating the voltage according to it. In our experimental setup, a full cycle takes 400 ms, leading to an update frequency of the particle velocity of 2.5 Hz. This frequency is much lower than the one used to randomize the dumbbell orientation (1 kHz), so that there is a clear separation of time scales between the two types of updates and the dumbbell undergoes standard rotational diffusion at an imposed rate.
Results and discussion
Orientation-dependent motility Figure 1 : a Side-view representation of the sCAPA fabrication of active magnetic dumbbells. The PS particles (gray spheres) are deposited first, followed by the SiO 2 -mag particles (brown spheres). The black arrows indicate the deposition direction. The insets show SEM images of the particles in the traps after each deposition step (2 µm-scale bar). b Scheme of the experimental setup. Four magnetic coils impose a randomly oriented magnetic field B (blue arrow) to set the rotational diffusivity of the dumbbells to D R = 0.25 rad 2 /s. An AC electric field applied between two transparent electrodes is used to actuate the dumbbell with velocity v ∝ V 2 PP (t). A feedback loop updates the applied voltage as a function of the dumbbell orientation angle φ(t) to achieve an orientation-dependent propulsion velocity. c-d Trajectories of active magnetic dumbbells with a motility with two-fold (c) and four-fold (d) rotational symmetry. The particle positions at discrete times are represented by arrows indicating the dumbbell orientation and color-coded according to the applied voltage in the range from V min PP to V max PP , which corresponds to mod(φ(t), π/2) (c) and mod(φ(t), π/4) (d). See the corresponding Supplementary Movies.
Our active colloidal dumbbells are produced by sequential capillary assembly, 51 as represented in Fig. 1a in Materials and Methods, and self-propel under AC electric fields thanks to induced-charge electrophoresis. [56] [57] [58] The compositional asymmetry of the dumbbell results in local unbalanced EHD flows producing a net force that generates propulsion along the long axis of the dumbbell. 52, 53 In order to achieve robust experimental control of orientational dynamics, we decouple it from the thermal bath by randomizing the dumbbell orientation using an external magnetic field (see Fig. 1b ) to set a constant rotational diffusivity of D R = 0.25 rad 2 /s. 54 We furthermore include a feedback loop to update the dumbbell's propulsion velocity according to its orientation, as described in Materials and Methods and sketched in Fig. A1 in the Appendix, to experimentally realize active Brownian particles with orientation-dependent motility.
In this work, we study two representative orientation-dependent motilities. In the first case, the particle's motility has a two-fold rotational symmetry, with the lowest velocity when the particle is oriented along the x-axis and the highest when it is oriented along the y-axis (see Fig. 1c and Supplementary Movie 1). We incorporate this motility effectively in leading order as
where v 1 denotes the orientationally averaged speed of the particle. In the second case, the velocity has a four-fold symmetry, where the dumbbell achieves the highest velocity when it is aligned along the diagonal corresponding to an orientation angle π/4 and the lowest when it is aligned with the x-or y-axis (see Fig. 1d and Supplementary Movie 2). This case is 
Mean displacement
To characterize the effect of an orientation-dependent motility on the Brownian dynamics, we first discuss the mean displacement ∆r(t) of the particle. In Figs. 3a-f and 4a-f, the experimentally determined mean displacement is compared with the one resulting from our theoretical model, where we emphasize the anisotropic motion of the particle by plotting the mean displacement as a function of the initial orientation φ 0 = φ(0) after fixed times t.
The theoretical result for the mean displacement is given for a general orientation-dependent motility as
where the Fourier-coefficient vectors c k are determined by the motility v(φ), here c k = π −π (v n (φ)/(2πv n )) exp(−ikφ) dφ for n = 1, 2. (All analytic results for the two studied scenarios are listed explicitly in the Appendix.) For short times t τ R , the particle moves linearly in time with ∆r(t) = v(φ 0 )t + O(t 2 ) and the anisotropy with respect to the initial orientation, as is visible in Figs. 3a and 4a , is a deterministic consequence of the anisotropic propulsion of the particle. For intermediate times t ∼ τ R , the orientation of the particle starts to decorrelate, which affects directly the anisotropic shape of the mean displacement (see Figs. 3b-e and 4b-e). Finally, for long times t τ R , the mean displacement saturates to an anisotropic persistence length lim t→∞ ∆r(t) = L ∞ k=−∞, k =0 c k e ikφ 0 /k 2 (see Figs. 3f and 4f). The faster varying contributions, i.e., the higher Fourier modes, of the propulsion velocity saturate faster and have a smaller impact on the mean motion of the particle, resulting in a more isotropic final shape (compare Figs. 3f and 4f ).
Mean-square displacement
The dynamics of active Brownian motion can be further classified in temporal regimes by investigating the scaling behavior of the mean-square displacement, i.e., ∆r 2 (t) ∝ t ν . For ν = 1, the particle shows ordinary diffusive behavior. If ν < 1 or ν > 1, the particle undergoes sub-diffusion or super-diffusion, respectively. The mean-square displacement for a general orientation-dependent motility is given by
In Figs. 3h and 4h , we compare the experimentally determined mean-square displacement with the corresponding theoretical result. We observe three temporal regimes, characterized by two crossover times. By expanding the analytic result for the mean-square displacement in time, we obtain
where ∂ φ 0 denotes the partial derivative with respect to the initial orientation φ 0 . Thus, the mean-square displacement starts in a short-time diffusion regime (ν = 1), increasing linearly in time with the short-time diffusion coefficient D S = D T . A transition from the short-time diffusive regime into a super-diffusive regime (ν > 1) occurs, if the deterministic swimming motion dominates translational diffusion. This condition is fulfilled for times t greater than the translational diffusion time τ D = D T /v 2 (φ 0 ). As shown in Fig. 3h , the transition to an intermediate super-diffusive regime is sensitive with respect to the initial velocity. If the particle is oriented initially along directions of high motility (see Fig. 3h for φ 0 = π/2), the mean-square displacement displays a crossover to the ballistic regime (ν = 2). However, if the initial velocity of the particle is not large enough to dominate translational diffusion or even vanishes (see Eq. (11)), we observe a delayed crossover (see Fig. 3h for φ 0 = 0). In that case, the particle has to undergo an angular displacement first, such that its propulsion grows until it overcomes translational diffusion. Due to this multiplicative coupling of diffusive and ballistic behavior for the angular and positional displacements, respectively, the mean-square displacement shows a super-ballistic power-law behavior (ν = 3), which is masked by finite translational diffusion (see Eq. (11)). For times t greater than the rotational diffusion time τ R = 1/D R , the mean-square displacement evolves toward the diffusive limit (ν = 1) again and it is described by a long-time diffusion coefficient
In the two experimental scenarios, the long-time diffusion coefficients are D L,1 = 5.1 µm 2 /s and D L,2 = 2.6 µm 2 /s, respectively.
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Non-Gaussian parameter
Finally, we study the non-Gaussian features of our active dynamics in more detail. Hence, we introduce the non-Gaussian parameter, which is defined in two spatial dimensions as 59
The non-Gaussian parameter quantifies how far the distribution of displacements deviates from a Gaussian, i.e., α 2 (t) = 0 for an isotropic Gaussian distribution. For α 2 (t) < 0 or α 2 (t) > 0, the underlying distribution has less or more pronounced tails, respectively. Interesting for active Brownian motion is the case of deterministic motion (no tails), for which the non-Gaussian parameter is α 2 (t) = −1/2. To derive the analytic expression for the non-Gaussian parameter from our theoretical model, in addition to the mean-square displacement ∆r 2 (t) the mean-quartic displacement ∆r 4 (t) is also required, which is explicitly calcu-lated in the Appendix. In Figs. 3h and 4h , the anisotropy of the non-Gaussian behavior is visualized. For very small times t τ D , the displacements are simply diffusive, i.e., Gaussian, thus the non-Gaussian parameter α 2 (t) is zero. For intermediate times τ D < t < τ R , the non-Gaussian parameter behaves anisotropically with respect to the initial orientation φ 0 .
For a sufficiently high initial velocity, α 2 (t) turns negative, which is characteristic for persistently swimming Brownian particles (see Fig. 3h for φ 0 = π/2). When the initial velocity vanishes, i.e., v(φ 0 ) = 0 (see Fig. 3h for φ 0 = 0), we observe a positive non-Gaussian parameter. In this case, the particle moves mostly diffusively even for intermediate times, except for rare events where a fluctuation rotates the particle sufficiently, such that it experiences a large ballistic step. The underlying distribution of displacements is thus Gaussian with pronounced tails which dominate the fourth moment over the second and lead to a positive non-Gaussianity. Finally, for long times t > τ R , we observe a long-lived non-Gaussianity in the case of two-fold symmetry and Gaussian behavior in the case of four-fold symmetry. To explain this observation, we consider the covariance matrix of the displacement distribution and we define the long-time diffusion matrix
for i, j ∈ {x, y}. The eigenvalues of this matrix are given as D ± = D L ± ∆D L , where ∆D L denotes the long-time anisotropy
which describes the long-time diffusion along the principal axes of maximal and minimal diffusion, respectively. In the two experimental scenarios, the long-time anisotropy yields ∆D L,1 = 4.0 µm 2 /s and ∆D L,2 = 0 µm 2 /s, respectively. Using the introduced notation, the long-time behavior of the non-Gaussian parameter can be expressed as
which coincides with the non-Gaussianity of an anisotropic Gaussian distribution with covariance matrix 2D L t. Thus, the long-time behavior of the non-Gaussian parameter quantifies the anisotropy of the long-time diffusion. For the motility with two-fold symmetry, we have an enhanced long-time diffusion along the y-axis and a decreased long-time diffusion along the x-axis leading to a non-Gaussianity for long times (see Fig. 3h ). In the second scenario, the long-time behavior can be described with solely one long-time diffusion coefficient, thus the non-Gaussian parameter vanishes (see Fig. 4h ).
Conclusions
In this work, we reported on a new methodology to impose a complex anisotropic motility behavior to active Brownian particles. We engineered an orientation-dependent motility of active dumbbells whose rotational diffusivity is externally controlled by randomized magnetic fields and whose propulsion velocity is prescribed using a feedback scheme, which updates the velocity based on the particles' orientation. To describe the dynamical features of the particles, we developed a theoretical framework, which proved to be in good agreement with corresponding experimental data. In particular, a particle's mean displacement shows deterministic active motion at very short times, decorrelation at intermediate times,
and saturation to anisotropic persistence trajectories at long times. The mean-square displacement is also characterized by different temporal regimes. We found that the transition from isotropic diffusion at short times to a super-diffusive intermediate regime is very sensitive to the initial velocity of the particle such that the coupling of diffusive-rotational and ballistic-translational motion can result in super-ballistic motion. Moreover, the motion is characterized by anisotropic diffusion at long times, as described by the long-time diffusion coefficient and the long-time anisotropy. Finally, we have investigated the deviation from a standard Gaussian distribution by calculating the non-Gaussian parameter as a function of time. It becomes non-zero for intermediate times: negative when there is persistent swimming, and positive during reorientation events from an initial orientation with low velocity to orientations with high velocity. Furthermore, the long-time behavior quantifies the anisotropy of the long-time diffusion, being non-zero for the two-fold-symmetric motility and zero for the four-fold-symmetric motility.
The basic model we proposed here is applicable to a broad range of systems with anisotropic external propulsion mechanisms and relevant in the context of the orientational dependence of the propulsion speed, which can intrinsically emerge for both artificial and biological microswimmers. 50, 55 In the future, intricate combinations of spatial, orientational, and temporal modulations of motility could be considered. One could also proceed to par-ticles with a complex shape, which have more involved trajectories. 60, 61 Finally, although in our current experiments one particle at a time is controlled, we envision possible experimental realizations to control many particles to explore emerging collective effects. 62 Real-time feedback Figure A1 . Scheme of the real-time feedback applied in the experiments.
Post-processing and data analysis
We collected 45 trajectories (86 min recording time in total) with a propulsion velocity with two-fold symmetry and 15 trajectories (28 min recording time in total) with a propulsion velocity with four-fold symmetry. The position r and the orientation φ were recorded at 2.5 fps and the velocity was calculated from the displacement of successive positions of the particle as v(t) = (r(t + ∆t) − r(t)) /∆t, where ∆t = 0.4 s is the time between two frames. The time steps are not fully equidistant, therefore the experimental data were linearly interpolated to obtain equidistant points. Initially, we did not distinguish each lobe of the dumbbell and thus we measured its orientation modulo π. From the direction of the velocity we could post-process the trajectory to reconstruct the angles in the interval [0, 2π).
Finally, we rescaled all displacements with a characteristic length L = v/D R and all times with the inverse rotational diffusion coefficient 1/D R , where v is the orientationally averaged speed for a trajectory. Experimental means with respect to a specific initial orientation 
General theoretical result
In this section, we calculate the n-th moment of the translational displacement ∆r n (t) = (r(t) − r 0 ) n for active Brownian motion with a general orientation-dependent motility.
With respect to initial conditions r(0) = r 0 and φ(0) = φ 0 , solutions to the Langevin equations (2) and (3) are obtained via simple integration as
Since φ(t) is a linear combination of Gaussian variables, the corresponding probability distribution is Gaussian as well and the conditional probability density P(φ 2 , t 2 |φ 1 , t 1 ) is given by
The conditional probability density P(φ 2 , t 2 |φ 1 , t 1 ) embodies the probability of finding the particle with orientation φ 2 at time t 2 under the condition that the particle was oriented at an angle φ 1 at former time t 1 . Next, we construct the joint probability density of finding the particle at an angle φ 1 at time t 1 , at an angle φ 2 at time t 2 , . . . , and at an angle φ n at time t n as P(φ n , t n ; . . . ; φ 1 , t 1 ) = n j=1 P(φ j , t j |φ j−1 , t j−1 ) using the Markovian property of the Gaussian white noise. The knowledge of the joint probability density P(φ n , t n ; . . . ; φ 1 , t 1 ) allows for an analytic calculation of the n-th moment of the translational displacement ∆r(t) n . The translational displacement ∆r(t) = ∆r A (t) + ∆r D (t) can be split into an active contribution
These two parts are stochastically independent and therefore the n-th moment of the total displacement can be represented as ∆r 2n (t) = n 1 +2n 2 +n 3 =n n! n 1 !n 2 !n 2 !n 3 ! ∆r
∆r 2n+1 (t) = n 1 +2n 2 +n 3 =n n! n 1 !n 2 !n 2 !n 3 ! ∆r
+ n 1 +2n 2 +n 3 =n−1 n! n 1 !n 2 !(n 2 + 1)!n 3 ! ∆r
Like the orientation angle, also the diffusive displacement ∆r D (t) is a sum of Gaussian variables and hence it follows a Gaussian distribution. The corresponding moments are calculated as ∆r 2n
∆r 2n+1
In contrast to the diffusive displacement, the active displacement ∆r A (t) is a nonlinear combination of Gaussian variables. Here, the joint probability density P(φ n , t n ; . . . ; φ 1 , t 1 ) is used to calculate the n-th moment as
where the sum has to be performed over the n! permutations of the symmetric group S n and
Low-order moments
The low-order moments for Brownian motion with an orientation-dependent motility are
For a propulsion velocity with two-fold symmetry v 1 (φ) = 2v 1 sin 2 (φ)û(φ), with non- 
with L = v 1 /D R and τ = D R t. In the case of a propulsion velocity with four-fold symmetry 
with L = v 2 /D R and τ = D R t.
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Supplementary Movie 1
Recording of a representative trajectory of a dumbbell with a motility with two-fold symmetry.
